We show that strong light-matter coupling can be used to overcome a long-standing problem that has prevented efficient optical emission from carbon nanotubes. The luminescence from the nominally bright exciton state of carbon nanotubes is quenched due to the fast non-radiative scattering to the dark exciton state having a lower energy.
Our results pave the way for a new approach to band-engineering the properties of nanoscale optoelectronic devices.
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carbon nanostructures, microcavity, exciton-polariton, dark exciton, photoluminescence When ensembles of emitters are placed inside an optical microcavity they may coherently exchange energy with each other via the cavity mode. This exchange may lead to the formation of new hybrid light-matter states known as polaritons that are part-light and partmatter, this exchange process is known as strong coupling. The hybrid states have energy levels that can be very different from those of the emitters from which they are formed, with remarkable consequences.
1 A slew of recent results, both theoretical and experimental, have shown that strong coupling can be used to modify chemical reaction rates, 2 alter workfunctions, 3 extend exciton transport 4,5 and change molecular structure. 6 Indeed, the effect of strong coupling in molecular systems is so pervasive and attractive that a new field known as polariton chemistry has recently emerged, 7-9 itself part of a wider effort to use confined light to create and manipulate new states of matter. 10 Strong coupling has been demonstrated across a wide spectral range, 11, 12 for both solid and liquid media, 13 and even encompasses biomolecules.
14, 15 Here we show that these same ideas can be applied to provide a powerful technique with which to engineer the properties of emissive states by radically changing the properties of single-walled carbon nanotubes.
Single-walled carbon nanotubes (SWCNTs) were discovered more than two decades ago 16 and possess remarkable electronic and optical properties. 17 Of particular interest here is their potential as sources of light, SWCNTs are 1D excitonic systems possessing a strong electric dipole moment and thus have significant potential for optoelectronic technologies, and in quantum optics. 18 Despite their potential, take-up of SWCNTs in optoelectronic applications has so far been limited. 19, 20 This lack of take-up has been due to several important challenges. First, SWCNTs need to be produced with a specific chirality 21 since the chirality (the way a nanotube is rolled from a graphene sheet) defines the SWCNT band structure and determines whether it exhibits metallic or semiconducting behavior. Further, the luminescence form SWCNTs can be severely quenched due to the presence of defects, such as nanotube ends, or nanotube bundles. The measurements on individual less defective tubes demonstrated enhanced photoluminescence efficiency (3-7% against < 1% for defective samples). 22, 23 Moreover, the photoluminescence yield is sensitive to the local environment. 24 Thus, the issues related to fabrication imperfections hinder the utilization of optical properties of SWCNTs. 18 However, recently impressive progress has been achieved in the synthesis and post-processing of carbon nanotubes. 25 The chirality selective growth of metallic (6, 6) SWCNTs has been demonstrated. 26 Multi-column gel chromatography has been shown to be able to separate up 12 different single-chirality enantiomers with up to 97% of purity. 27 Furthermore, the single chirality tubes have been assembled into well-aligned films via controlled vacuum filtration. [28] [29] [30] These achievements give confidence that the problems of SWCNT sample fabrication will be gradually solved with improvements in experimental techniques.
The third challenge that must be overcome to realize the potential of SWCNTs in optoelectronics is photophysical in nature; the luminescence associated with nanotube excitons is dramatically suppressed, even at room temperature. 31 The reduction of luminescence efficiency can be explained by the presence of dark exciton states. Along with a high energy so-called K-momentum dark exciton state, 24, 32, 33 there is a non-radiative dark exciton state, having a significantly lower energy than the radiative bright excitonic states. [34] [35] [36] [37] Bright excitons relax towards this dark state with the consequence that non-radiative decay dominates over the desired radiative relaxation channel . 38, 39 In the present work we focus on overcoming the photophysical limitation imposed by the presence of the low-lying dark state.
A number of methods to enhance the luminescence efficiency have already been investigated. One approach is chemical functionalization, 40 but it is questionable whether it can be achieved with the current state of technology. A second approach seeks to make use of 3 the Purcell effect to increase the radiative rate of the bright exciton by placing nanotubes in a very low volume microcavity. [41] [42] [43] Although interesting, especially from a single photon source perspective, the use of very low cavity volumes precludes this approach being adopted in optoelectronic applications. A third approach exploits high-power pulsed-laser irradiation at room temperature. 44 However, irradiation brightening requires strong laser fields and these lead to irreversible damage to the tubes.
Perhaps the most impressive approach adopted to date is that of magnetic brightening; 31, 45, 46 it has already been used to demonstrate that bright states exist. An external magnetic field breaks time-reversal symmetry and this changes the nanotube band structure. In these experiments the degeneracy between the two minima in the SWCNT energy spectrum is lifted by applying a magnetic field, the applied field leads to a shrinkage of the direct band gap at one of the K-points (Dirac points). This change to the band structure moves the bright exciton state below the dark exciton state. The integrated luminescence at low temperatures is found to increase five-fold, 31 without any significant change in the transition matrix elements or changes to the bright exciton structure being required.
However, due to the small diameter of SWCNTs, achieving the required flux density within a tube for magnetic brightening requires magnetic fields of about 5-50 T 45,46 or pulsed fields of up to 190 T. 47 Nevertheless, despite lacking practical utility, magnetic brightening is important because it shows that if we are able to shift energetically the bright state below the dark one, the luminescence from the tube increases many fold; the physical mechanism by which the energy of the lowest bright state is reduced is not important.
In this paper we propose an elegant practical alternative to overcome the problem of nonradiative relaxation of what would otherwise be a bright excitonic state of SWCNTs. Our approach involves depressing the energy of the 'bright' state so that it is below the energy of the dark state that causes the non-radiative leakage from bight state, thereby turning the luminescence quenching process off. We do this by placing an ensemble of SWCNTs within the confined electromagnetic mode of an optical microcavity. Strong light-matter coupling between the cavity mode and the 'bright' exciton state leads to the formation of two excitonpolariton branches, the upper polariton (UP) and the lower polariton (LP). For a suitable design the energy of the lower polariton is pushed down below that of the dark exciton. The lowest-energy dark exciton, which is formed by an electron and a hole belonging to different valleys, has zero oscillator strength and thus does not interact with the cavity mode.
The key features of our concept are sketched in Fig. 1 . In Fig. 1(a) we show an exciton associated with a carbon nanotube. In Fig. 1(b) we show an ensemble of nanotubes located in the central plane of an optical microcavity, the electric field distribution of the cavity mode is also indicated. In Fig. 1 (c-e) we show the effect of strong coupling on the exciton energy levels. In Fig. 1 (c) the energy levels of the uncoupled excitons and of the cavity are
shown. In the absence of a microcavity the bright exciton state has a higher energy than the dark exciton state, they are separated by a frequency we label δ. In Fig. 1 (d) the effect of strong coupling is indicated, the bright exciton is split into an upper and lower polariton branch, UP and LP respectively, but the extent of this vacuum Rabi splitting, Ω R is less than the intrinsic bright-dark exciton splitting of δ. In Fig. 1 (e) the strong coupling is much stronger so that now Ω R /2 > δ and the energy level ordering of the no-cavity bright and dark states has been overturned.
The strong-coupling regime between light and matter is achieved when the characteristic coupling rate (energy) of the interaction between material excitations and the electromagnetic cavity mode exceeds the damping rates (energies) associated with losses in the system. 48 Recent work suggests that our proposal may be achieved in experiment; strong coupling of ensembles of carbon nanotubes inside a planar optical microcavity has been the subject of several recent reports. [49] [50] [51] [52] Indeed, carbon nanotubes share many attractive features for strong coupling that are associated with other organic quantum emitters, notably the intrinsically large binding energies and oscillator strengths of the excitons involved.
53-56
The characteristic splitting between dark and bright excitons is usually several tens of 
49-51
Our task is to evaluate the energy of the polariton states and to explore the conditions that will need to be achieved for the lower polariton to have an energy that is lower than that of the dark exciton. In what follows we outline our approach; we begin by discussing the dispersion of the polariton modes.
Polariton Dispersion
The wavevector dependent energies of the polaritons are found from the eigenvalues of the polariton Hamiltonian,
where, for simplicity, we have neglected the exciton dispersion because the effective mass of an exciton, m X , is much greater than that of the photon effective mass in the cavity, m C , i.e. m X m C . The eigenvalues are found to be,
where the upper polariton, E U P , is given by taking the + sign and the lower polariton, E LP , by taking the − sign. E X is the unperturbed exciton energy (derived below), whilst E C is the unperturbed cavity mode energy whose energy in the parabolic approximation is given
by, Figure 1 : (a) A sketch of a semiconductor carbon nanotube, of diameter d, containing an exciton (bound electron-hole pair) and its 1D mathematical representation. The characteristic size of the electron-hole pair is the excitonic Bohr radius a 0 . (b) The geometry of the structure considered in the present paper: a planar microcavity with an array of aligned carbon nanotubes embedded in a position such that the electric field of the confined cavity mode (shown in yellow) reaches its maximum at the centre of the cavity. Here l and r denote the in-plane distance between nanotubes and distance between the layers of nanotubes, respectively. Strong coupling between bright excitons and confined photons leads to the formation of hybrid polariton modes in the system (c-e). (c) The energy levels of the uncoupled bright and dark excitons, and the cavity mode (green line). (d) Strong light-matter coupling leads to the hybridization of the bright exciton (BE) and cavity (photonic) mode, resulting in the appearance of upper (UP) and lower (LP) polaritons separated by the value the vacuum Rabi splitting Ω R .
Here Ω R /2 < δ, where δ is splitting between bright and dark excitons (DE), so that the lowest exciton state, i.e. the ground state, is the dark state. (e)
Here Ω R /2 > δ so that the energy of the lower polariton sinks below the energy of the dark exciton; the lowest exciton state, i.e. the ground state, is now a bright state, the LP.
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with: m C = 2π
√ ε/(cλ C ) standing for the photon effective mass; λ C = 2L C is the cavity resonance wavelength, with L C the cavity length; k is the in-plane wavevector; c the speed of light; and ε the relative permittivity of the medium inside the cavity. Finally for equation 2, the Rabi splitting, Ω R (k), is defined as,
where g(k) is the cavity-exciton interaction coupling rate for the nanotube ensemble.
To calculate the desired wavevector dependent energies of the polariton modes, Eq. (2),
we thus need to know the energy of the unperturbed cavity mode E C , the unperturbed exciton energy E X , and the cavity-exciton interaction coupling rate g(k). The cavity energy E C is straightforward and has already been given in equation 3. Since the two remaining quantities, E X and g(k) both depend on the exciton wavefunction we look at the exciton wavefunction next.
Exciton wavefunctions
The allowed wavefunctions are obtained by seeking solutions of the Schrödinger equation In addition, analytical solutions of two-particle problems have been found for some classes of model interaction potentials. 69, 70 In the present work we use a combination of the effective-mass and envelope-function approaches along with the low-energy zone-folding tight-binding model. This choice allows us to obtain semi-analytical results for excitonic energies and wavefunctions which can be easily utilised in a well-established formalism for treating exciton-polaritons. In this case the electron-hole interaction in the tube can be approximated by a shifted Coulomb potential, 71,72
where: x = x e − x h is the distance between electron, x e , and hole, x h , positions on the nanotube axis; d is the diameter of the nanotube, as shown in Fig. 1(a) ; e is the elementary charge; ε 0 is the permittivity of free space; ε C = 2 is the static dielectric constant of the carbon nanotube; 65, 66 and γ is a cut-off scaling parameter. The Coulomb interaction (5) 
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To determine the cut-off scaling parameter γ in Eq. (5) we analysed numerical and experimental data on exciton binding energies, E b , from Refs. 64, [66] [67] [68] In Loudon's model, the binding energy of the exciton is related to the exciton quantum number α, which can be fractional due to a quantum defect, via,
where a 0 = 4πε 0 ε 2 /(µe 2 ) is the excitonic Bohr radius and µ = m * /2 is the reduced mass of an electron-hole pair. In the approximation used here the effective masses of an electron and a hole are equal, and within the tight-binding model can be estimated as m * = (2 )/(3dv F ), with v F being the Fermi velocity in graphene. Combining the data on exciton binding energies from the various sources noted above, i.e. , 64,66-68 we can extract α's from Eq. (6) and average them to yield a value of α av. = 0.64 (9) 
with N α being a normalization constant.
Fortunately the ratio d/a 0 is universal for all diameters of tube, this universality can be seen by calculating the excitonic Bohr radius, a 0 , which is given by a 0 = 4πε 0 ε C 2 /(µe 2 ) where µ = m * /2 is the reduced mass of an electron-hole pair. The effective masses of an electron and a hole are equal in our approach, and within the tight-binding model can be estimated as m * = (2 )/(3dv F ), with v F being the Fermi velocity in graphene and d the nanotube diameter. Making use of the relative permittivity for the carbon nanotubes of ε C = 2 and taking the Fermi velocity to be 10 6 ms −1 this results in d/a 0 = 0.38. Now that the wavefunctions can be calculated the next task is to determine the exciton energies.
Exciton energy E X
The energy corresponding to photo-excitation of an exciton is defined as E X = E g −E b where E g is the energy of the bandgap and E b is the exciton binding energy. The exciton binding energy can be calculated using the model outlined above, whilst the SWCNT bandgap energy is easily calculated using a standard approach given in Supporting Information part A. All that remains to determine the polariton dispersion is to evaluate the cavity-exciton interaction coupling rate.
Cavity-exciton interaction coupling rate g(k)
The interaction rate between cavity eigenmode and the exciton mode of single SWCNT is
where d cv is the interband transition dipole matrix element, L is the length of SWCNT, and V = LL C N l is the cavity volume. Here L C is the distance between mirrors, l is the inter-tube distance, and N is the number of SWCNT within one layer. We next note that in long wavelength limit L C nr (where where n is the number of layers of nanotubes in the cavity and r is the distance between layers) all the exciton modes interact equally with cavity mode, meaning that overall light-matter coupling rate of the structure reads
Inserting the value of g 0 given by Eq. (8), we end up with the result
For the permittivity ε, the cavity is assumed to be filled by the polymer material PFOBPy with effective permittivity ε = 2.8, 49 although for the characterization of the excitonic states we use the pure carbon dielectric constant ε C = 2. Finally, the quantity d cv = 3ed/4
is the interband transition dipole matrix element and is derived in Supporting Information part A.
Results and Discussion
Our calculated bandgap energy E g , exciton binding energy E b , and zero in-plane wavevector coupling strength g(0) for excitons in SWCNTs of different chiralities are presented in Table 1 . These parameters form the basis for the results reported below. Table 1 : Nanotube diameters d, exciton effective masses µ, bandgaps E g , exciton binding energies E b and coupling constants between the excitons and confined cavity mode g for SWCNTs of different chiralities. The values of g were calculated for the case of the resonance between photons and bright excitons for an inter-tube separation of 3 nm. We note that within a low-energy tight binding model and neglecting the trigonal warping effect, 78 the excitonic properties are defined solely by the diameter of the nanotube. Thus the identical parameters of nanotubes of (9,1) and (6, 5) chirality are explained by the fact, that they have the same diameter, defined by d = (a/π) √ n 2 + m 2 + nm, where a = 2.46Å is the graphene lattice constant, and n, m denote chiral indices. We next discuss aspects of the cavity design. To reach the strong coupling regime requires the light-matter interaction to be strong enough to overcome all dissipative processes in the system. The emission linewidth of the SWCNT emission is ∼ 20 meV, whilst cavities with a Q of > 100 are now routine 48 so that a cavity linewidth of < 20 meV is not a 12 problem; strong light-matter coupling thus requires g(k) ≥ 20 meV, something that has already been achieved. 49 For the sake of simplicity, here we consider the case when the first cavity eigenmode is close to resonance with the excitonic transition. For this mode the amplitude of the electric field is maximal at the centre of the cavity and only the tubes located close to the cavity centre will efficiently participate in light-matter coupling. We thus consider a structure with a few layers of densely packed parallel SWCNTs (see Fig. 1 (b)). It is possible to fabricate high density arrays of carbon nanotubes using a spontaneous alignment technique, 29 with a minimum distance between the nanotubes down to 1 nm.
However, to avoid the effects of band structure modification due to electron hopping between adjacent tubes, in the current work we limit ourselves to the case of less dense ensembles where l > 3 nm, for which inter-tube electron hopping can be neglected. As we demonstrate below, ground state exciton brightening can be achieved even in this diluted regime.
Since the resonant wavelength of the cavity mode satisfies the condition λ C nr, where we recall that r is the distance between the layers of nanotubes and n is the number of layers, one can safely neglect the variation in cavity mode field strength across the nanotubes for a few layer system. To be specific, hereafter we choose n = 10.
Using the information and parameters given above we are now in a position to calculate the properties of the polariton modes. The dispersion of these modes are shown in Fig. 2 for the case of (10,0) nanotubes and for different levels of cavity-exciton detuning ∆ =
(In practice the detuning may be set by adjusting the geometry of the cavity, in particular the cavity length L C .) For the chosen chirality the energy splitting between bright and dark excitons δ = E X −E dark X = 29 meV. 57 In Fig. 2 we see that an increase in tube concentration leads to an enhancement of the light-matter coupling, pulling down the energy of the lower polariton branch. For the maximum tube density considered, corresponding to a separation distance of l min = 3 nm, the coupling strength is about g ∼ 55 meV. We note that both the square root dependence of the interaction strength on the SWCNT density (see.
Eq. (10)) and coupling values are in good agreement with existing experimental results. The dispersion of the polariton modes versus those of bare excitons and cavity photons for different detunings (from top to bottom) and for different nanotube separation distances (from left to right) for the case of a (10,0) SWCNT. The dashed lines correspond to the bare photon (blue), bright exciton (red) and dark exciton (black) modes, solid red and blue lines correspond to the upper and lower polaritons, respectively. A decrease of the inter-tube separation is seen to result in an increase of the Rabi splitting. The lower polariton mode moves down in energy as the inter-tube separation is decreased and, below a certain separation, crosses the dark exciton. In this regime the brightening of the ground state of the system takes place.
As one can see from Fig. 2 , for distances between the nanotubes close to l min = 3 nm, the energy of the lower polariton can reach the value of the energy of the dark exciton state. Introducing a non-zero detuning between excitonic and photonic modes, as shown in the lower panels of the figure, can pull the lower polariton state down further so that it is below the dark exciton state. Fig.3 shows the position of the lower polariton energy and the excitonic fraction of the lower polariton as a function of the distance between the nanotubes for various values of detuning. Importantly, the exciton fraction of the lower polariton remains significant, even in the presence of substantial detuning; this is a direct consequence of the large values of the Rabi splitting Ω R . This is important because, even though the lower polariton has been down-shifted in energy enough to take it below the dark exciton, the lower polariton still carries a significant excitonic character and will thus still be a good emitter of light.
We also examine the dependence of the coupling strength on the diameter of the SWCNT.
We assume in each case that the cavity mode is tuned to be in resonance with the bright exciton energy and that the separation between the tubes is equal to 3 nm. In Fig. 4 the dependence of the coupling constant g is plotted versus the diameter of the tube, the data are taken from Table 1 Finally we note that the ratio between the coupling strength and the exciton creation energy, E X , is strongly enhanced compared to the case of inorganic cavities, and may reach values of g/E X ∼ 0.1. This means that the off-resonant light matter coupling terms can also play a non-negligible role in the geometry considered here, and the regime of so-called ultra-strong coupling can be achieved. 79, 80 We also note that in principle even higher values of g can be reached if one reduces the distance between the nanotubes below l min . In this case however the excitonic spectrum of the system will be substantially modified by hopping between neighbouring tubes. Including these effects goes beyond the scope of the present scaling. The tube separation distance was chosen as l = 3 nm and the detuning ∆ = 0.
paper and is left for a future investigation.
Mode dynamics in dark and bright regimes Theory
Whilst the idea of using strong coupling to lower the energy of the bright state so that it becomes the lowest energy state of the system is attractive, it is important to assess the effectiveness of this approach. In the following section we develop a quantitative theoretical model to describe the mode occupancies both in the presence of the cavity and in the absence of the cavity.
First, we look at the no cavity case. In this case the coherent part of the Hamiltonian reads,Ĥ
whereâ,b stand for annihilation operators of bright and dark excitons, respectively. The coherent dynamics and the decay processes can be obtained from a Lindblad-type master equation for the density matrix,
where the last term represents coupling with phonons, andL (dis) is a Lindblad super-operator of the formL
, ρ}/2) withâ i =â,b and τ i are the lifetimes of the modes, defined by all non-radiative decay processes. The dynamics of an arbitrary operatorÔ in the mean-field regime reads ∂ Ô /∂t = Ô ∂ρ/∂t , where denotes averaging over the density matrix. Finally, the phonon-assisted transitions between dark and bright modes within the Born-Markov approximation can be accounted for using,
where,Ĥ
Here D is the exciton-phonon interaction rate, γ ph describes the characteristic broadening andd ω is a phonon mode with energy ω. Note that in Eq. (13) we have applied the rotating wave approximation, retaining only scattering processes on phonons resonant with energy splitting between bright and darks exciton states ( ω = δ).
We characterize the dynamics of the system by means of coupled equations for the mode occupancies of the form, by temperature T . k B denotes Boltzmann constant, and P corresponds to pumping the bright exciton mode, i.e. populating the bright exciton state at some rate P .
The efficiency of luminescence can be characterized via the ratio of bright and dark exciton occupations, which we write as,
The limit λ 0 → 1 corresponds to an ideal radiative state.
Second, now that we have looked at the dynamics of the no-cavity case we proceed to discuss the polaritonic regime. In the presence of the cavity the Hamiltonian takes the form,
whereĉ denotes the annihilation operator of photonic mode. Introducing the operatorŝ a L = Câ − Xĉ,â U = Xâ + Cĉ (with X, C = (1 ± ∆/Ω R )/2 being Hopfield coefficients) one can perform a Bogoliubov transformation to the polariton basis,
Assuming the "bright" regime, i. e. Ω R /2 > δ, is achieved then the phonon-assisted transitions between the polariton branches and the dark exciton states can be characterized in the following way,Ĥ For smaller values of splitting, where the dark exciton is still the ground state, the effect of the cavity on the radiation efficiency is minimal. In the vicinity of the brightening area (vertical grey line, just below 30 meV) a rapid increase of radiation efficiency takes place. Here P 0 = 10 13 s −1 . This population pump rate could for example be achieved optically with a resonant pump of intensity I ≈ 10 mW/cm 2 . (b) The pump rate dependence in the exciton (black line, no cavity), dark polariton, Ω R = 35 meV (blue line) and bright polariton, Ω R = 70 meV (red line) regimes. In the bright regime an increase of pump rate enhances the stimulated transition to the lower polariton branch, increasing the emission rate. In the dark regimes due to stimulated transition to dark exciton state the situation is opposite, with low pump regime being more efficient. (c) The brightening coefficient λ dependence on the pump rate and Rabi splitting in a bright regime. Above threshold values of splitting and pump rate the system enters a perfectly radiative state. 20
It should be noted that we have neglected the phonon-assisted relaxation from the upper to the lower polariton branch, i.e. we have assumed that the radiative decay channels are faster. In fact phonon-assisted relaxation will ultimately redistribute the particles from the bottom of the upper branch to the bottom of the lower branch, via the reservoir. While the presence of such relaxation processes can quantitatively modify the luminescence efficiency, no qualitative changes are expected. The dynamics of the system are thus given by,
where
P L are the population pumping rates of the upper and lower polaritons respectively.) Thus, we can express the rate W L↓ via the bare rate W as,
The remaining terms in similar fashion found as
In analogy with Eq. (16), we introduce the characteristic luminescence efficiency in the form,
Finally we note that in the case of Ω R /2 < δ, where the ground state is represented by a dark exciton (see. Fig. 1 (C) ) for the correct description of the system the dynamical equations (20) and corresponding transition rates should be modified (not shown).
Numerical simulations
To gain further insight into the system's properties, we undertook a number of numerical simulations. The lifetimes of the DE and BE modes can be estimated as τ D,B = 100 ps, 81 and for the cavity mode τ C = 10 ps. Throughout this section we set the detuning to be ∆ = 0 meV, and assumed room temperature operation (T = 300K), consistent with experiments.
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We analyze the dependence of the brightening coefficient on both the Rabi splitting and on the population pump rate, P , as found from steady-state solutions of equations (15) and (20) .
We choose W = 1.5 ns −1 , corresponding to a brightening value of λ 0 = 0.01. This choice for the value of W is not critical, changing it does not lead to any qualitative changes in the outcome for a wide range of W values (see Supporting Information part C for details).
The pump rate is chosen as P 0 = 10 13 s −1 . This population pump rate could for example be achieved optically with a resonant pump of intensity I ≈ 10 mW/cm 2 . The results of these calculations are shown in Fig. 5 . Panel (a) shows Rabi splitting dependence, accounting the region Ω R /2 < δ, where the ground state is represented by a dark exciton (black curves). The simulations show that in this regime the presence of cavity has little impact on the emission efficiency, leaving it almost at the same level. Instead, the emission is quite sensitive to the pump rate, as discussed below. A sharp transition to radiative state appears when approaching the limit Ω R /2 → δ. After entering the bright regime (red curves) we quickly 22 reach the limit λ ≈ 1.
Another important difference between bright and dark regimes appears in the response to an increase in pump rate, plotted in the Fig. 5 (b) . In both the absence of cavity and in the polaritonic dark regime (when Ω R /2 < δ), corresponding to Figs. 1 (c), (d) respectively, all the excitation generated by pumping eventually scatters to reach the dark exciton state.
Thus, increasing the pump rate reduces the radiation efficiency, as seen in Fig. 5 (b) . The opposite situation occurs in the bright regime, corresponding to Fig. 1 (e) . Here, because of the energetic configuration of levels involved, particles stay in the optically active upper and lower polariton branches, so that increasing the pump rate enhances the luminescence efficiency.
Finally, the phase diagram in panel (c) shows the brightening efficiency as a function of the pump power and the Rabi splitting. In the region of high Rabi splitting and pump rate the radiation efficiency approaches 1. Interestingly in the case of large values of Rabi splitting even at low pump rates we are still in a strongly radiative regime, which underlines the advantages of our proposed protocol for carbon nanotube brightening, and demonstrates the potential for creation of a low-threshold radiative source. Taken together the results shown in Fig. 5 suggest that the proposed brightening scheme will be both effective and efficient.
Conclusions
We have theoretically analyzed the regime of strong light-matter coupling in a microcavity containing an ensemble of semiconducting carbon nanotubes. We have demonstrated that for realistic parameters of the system the value of the Rabi splitting can be greater than the splitting between bright and dark energy states. As a result, the lower polariton mode can have an energy lower than that of the dark exciton. It is this re-ordering of the energy of the bright and dark states which leads to a dramatic improvement of the emissive properties of 23 nanotube-based systems.
The results of our dynamical calculations show that a significant increase in emission efficiency may be expected. Our results are further supported by a number of very recent reports. First, in work using strong coupling to modify inter-system crossing in the lightemitting material Erythrosine B 82 Stranius et al. lowered the energy of singlet level (bright) towards that of the triplet level (dark), and the authors hope to be able to push the singlet level below that of the triplet in the near future. Second, Graf et al, 51 using SWCNTs in a cavity, achieved sufficient Rabi splitting, and did observe a 5-fold increase in emission efficiency. However, their reference (no-cavity) sample had an emission efficiency of only ∼ 0.1 % so that the full extent of any improvement to efficiency can not properly be gauged.
Thirdly, in another very recent report, Gao et al., reported a vacuum Rabi splitting of ∼ 330 meV for alighted SWCNTs in a cavity. 52 This splitting easily exceeds the value that we predict will be needed to achieve brightening but they did not look at emission in their report.
Finally, we note that graphene nanoribbons also have a dark excitonic ground state.
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Our proposed scheme for brightening should also work for nanoribbons due to the equivalence of the optical properties of both these quasi-one-dimensional structures. 84, 85 We further note that a similar approach might also be used to manipulate excitonic states in transition metal dichalcogenides . In this section we present a derivation of the matrix elements of dipole transitions within the zone-folding tight-binding approximation. For graphene-based nanostructures it is convenient to deal with the matrix elements of the velocity operator, instead of the position matrix element, which allows one to express relevant physical quantities in terms of the graphene Fermi velocity v F . These two approaches, however, are absolutely equivalent in S1 the dipole approximation. 1 The two matrix elements are related by
where ω nm = (E n − E m )/ is the frequency of the transition.
To calculate velocity operator matrix elements for SWCNTs in the tight-binding model we employ the so-called gradient approximation (the term "effective mass approximation" is used in earlier literature). [2] [3] [4] [5] [6] [7] The optical selection rules resulting from such a calculation are in agreement with those in Refs. [8] [9] [10] [11] Using this approach it is easy to show that the velocity matrix element dependence on the wavevector is not significant in semiconducting SWCNTs in the vicinity of the Dirac point, which corresponds to the conduction and valence band edges. Therefore, the matrix element can be reasonably approximated by a constant value equal to the Fermi velocity of electrons in graphene v F . We are interested in the transitions from the edges of the closest conduction and valence subbands, i.e., those that occur near the Dirac point, we can estimate the magnitude of the dipole moment operator matrix element as follows:
where we have used Eq. (S1) and the fact that the bandgap energy, E g , in the low-energy zone-folding approximation is given by,
where v F = √ 3at/(2 ) is the graphene Fermi velocity 12 in terms of the hopping integral t = 3.033 eV 13 and ∆ = 2/(3d) is the shift of the momentum quantization line from the S2 Dirac point for any semiconducting SWCNT.
14,15
Although the majority of the results presented in this paper were obtained for a zigzag structure with chirality (10, 0), the approach developed here is of a general character and can be applied to semiconducting nanotubes of an arbitrary configuration.
B: The dependence of light-matter coupling rate on CNT diameter
Here we briefly examine the CNT diameter dependence of parameters involved in the lightmatter coupling rate, given by Eq. (10) 
As it follows from the definition of Bohr radius, the factor 2γd/αa 0 do not depend on tube diameter d. Finally, the last parameter depending on d is the normalization constant In the following section we discuss the impact of the exciton-phonon effective coupling rate W on the efficiency of the luminescence in both bright and dark regimes. Particularly, in Fig. S1 we plot the luminescence efficiencies λ 0 , λ as a function of W . We choose a logarithmic scale for the x axis, varying W over several orders of magnitude. While the value of luminescence rate in the excitonic regime (i.e. in the absence of a cavity) varies with the coupling rate W , it always remains in the low-efficiency regime (black line). On the other hand, over the whole range of W plotted, the impact of the cavity strikingly increases the luminescence rate (red line).
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